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Abstract—An adaptive grid procedure is devised for the calculation of two-dimensional parabolic flows. The
procedure redistributes the nodal points at each streamwise location of the flow so as to provide a finer mesh
spacingin regions of rapid profile variation. Guidance is taken from the behavior of each dependent variable in
deciding the final distribution of nodal points. Thus, critical regions in the flow field are always accurately
resolved. It is shown that conventional differencing schemes do not perform satisfactorily on skewed grids,
which are inherently associated with the adaptation procedure. A more suitable differencing scheme, which
gives stable and accurate results, is developed. By means of various test problems, the improvement in results
obtained by the adaptive grid procedure is demonstrated.

INTRODUCTION

In MaNY flow and heat transfer problems, physically
important regions occur where the dependent variables
exhibit large changes in gradient and/or curvature. In
the numerical solution of such problems, satisfactory
numerical accuracy can be obtained only if one
provides a fine mesh spacing in these regions. But quite
often, the location of a high-gradient or a high-
curvature region is not known a priori. Therefore, a
predetermined distribution of nodal points is either
inadequate or computationally wasteful. What is
needed is a method wherein the distribution of nodal
points is continuously adjusted in response to the
nature of the computed solution. By this procedure, it is
possible to generate a mesh, which at all times
concentrates the nodal points in the crucial regions.
Such a method is called an adaptive grid procedure,
There are many practical situations where an
adaptive grid procedure is especially beneficial. In
combustion problems, the flame front is characterized
by large gradients and curvature and continuously
advances with time. In melting or freezing problems,
the moving phase-change boundary plays a similar
role.Inheat exchanger applications, the boundaries are
intentionally made discontinuous in order to augment
heat transfer. At each discontinuity, new boundary
layers (which are regions of steep gradients) are created.
‘The need for adaptation in many problems of interest
has resulted in a systematic effort to develop suitable
adaptation procedures. Bonnerot and Jamet [1,2]
have used space-time finite elements for the solution of
the Stefan problem. Mori [3], Lynch and Gray [4, 5]
and Lynch and O’Neill [6] have used continuously
deforming finite elements in space and finite difference
techniques for the integration in time. Miller and Miller
[7] have also developed a moving finite element
method which was later modified by Miller [8] and

* Present address : Department of Mechanical Engineering,
Louisiana State University, Baton Rouge, LA 70803, US A,

used by Gelinas et al. [9] and Djomehri [10]. Babuska
and Rheinboldt [11,12] have developed a theory of a
posteriori error estimates to help design an optimal
grid. Pereyra and Sewell [13], White [14] and Pierson
and Kutler [15] have each used the idea of
equidistributing an estimate for the truncation error.
Olsen [16], Chong[17], Dwyer et al. [18], and Rai and
Anderson [197 have developed adaptation procedures
by providing a finer mesh in regions of large spatial
gradients.

Most of the published literature deals with
adaptation based on a single dependent variable. In
addition, many of the investigations (e.g. [17, 18])
report problems arising from numerical instability. The
motivation for the present work is to develop a simple,
economical and stable adaptation procedure that will
account for the profile variations of each dependent
variable. Only two-dimensional parabolic flows with
adaptation along the cross-stream coordinate are
considered.

The basic calculation procedure used here for a
parabolic flow problem is due to Patankar and
Spalding [20]. This is an implicit finite difference
marching procedure with the streamwise coordinate X
and the cross-stream coordinate w(=  — /e — 1))
astheindependent variables. At each downstream step,
the governing partial differential equations are
integrated over control volumes laid out as shown in
Fig. 1. This yields a system of tri-diagonal algebraic
equations which are solved by using the Thomas
algorithm.

The salient features of adaptation procedure
developed in the present work is described next.
Further details of the method can be found in [21].

ADAPTATION PROCEDURE

Toexplain the adaptation procedure, it is convenient
tointroduce the concept of a computational coordinate
n, although it does not directly participate in the
discretization process. Thecomputational coordinates
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NOMENCLATURE
A,y pre-exponential constant, equations Greek symbols
(11} and (12) o thermal diffusivity
f ratio of the number of nodes in a Any; computed increment in 5 at a node j
coarse grid to the number of nodes in and associated with a variable ¢,
the corresponding adaptive grid Af; computed increment in # at a node j
F(Y}  adaptation criterion and associated with the variable that
k thermal conductivity advocates the densest clustering at j
L/H  aspect ratio in an interrupted wall An} computed uniform increment in g
channel (with F(Yy=1)
Nu Nusselt number Ay; rescaled values of A7, equation (3)
P dimensionless pressure € percentage error in local Nusselt
Pr Prandt] number number
Q strength of a point heat source, n computational coordinate, equation (1)
equation (4} f; values of n at control volume faces and
Re Reynolds number computed from Ay; values
t time u viscosity
T temperature g, constant, equations {11) and (12)
T initial temperature, equation (4) I density
T wall temperature, equation (8) Pa species concentration of A
T free-stream temperature, equation {9} ¢ general dependent variable
U,V X-and Y-direction velocities & particular dependent variable
Us free-stream velocity, equation (9) w dimensionless cross-stream coordinate,
X, Y  coordinate directions /e — i
Y, ¥f; valueof Y at a node point j and the afy w-value at conirol volume face below
value of Y at the control-volume face node j
below j W stream function value
Yoex ~ Mmaximum value of Y. Y, ¥y value of i at the internal and external
boundaries.
E boundary is introduced to normalize the computational
4’4 W= coordinate so that  always goes from 0 to 1.
o Without any loss of generality, the nodal points can
1T conveniently be assumed to be uniformly distributed in
T - -y the # space. ‘Xf F(Y)is equal to a constant [Fig. 2(a)],
] (‘PE'(P‘) then equation (1) prescribes a uniform nodal
] distribution in the physical space. If F(Y} is not a
constant [Fig. 2(b)] then the physical location of the
<t p < w=0 nodal points is nonuniform. Further, the regions with
v *o large F(Y)are associated with a fine distribution in the
* I boundary physical space. Thus, the key to obtaining an optimal

FiG. 1. The X— grid for the boundary layer on a flat plate.

is related to the physical coordinate Y according to the
following equation

Yenax
?7=jYF(Y) dY/J. F(Y} dY. 1
Q

a

The function F(Y)is called the adaptation criterion and
is expected to be positive everywhere. The choice of
F(Y) describes how the nodal points in the physical
space are distributed. The denominator in equation (1)

mesh lies in an appropriate choice of F(Y).

A mesh is considered to be optimal if it accurately
resolves local regions of large gradients and curvatures.
The logical choices for F(Y) are, therefore, the gradient
8¢/8Y, and the curvature 82¢/aY?, where ¢ is the

(a) 6]
Fi1c. 2. The  ~ Y relationship: (a) F(Y) = 1;(b) F(Y) % L.
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relevant dependant variable. In the basic finite
difference method, a linear profile is assumed to exist
between any two adjacent nodal points. If d¢/0Y does
not vary significantly between the two points, the
linear-profile assumption is reasonable. If, however,
thereis arapid change in 0¢p/dY, a finer grid is necessary
in this region so that a linear profile continues to be
satisfactory. Therefore, |32 ¢/0Y 2|, which is a measure of
the rate of change of d¢/0Y, is chosen here as the
adaptation criterion F(Y).

Although the curvature |92¢/0Y?| is used as the
primary adaptation criterion for the results presented
in this paper, it should be pointed out that in many
problems the regions of large |0%¢/0Y?| coincide with
the regions of large |0¢/dY]|. In such situations, the
use of |0¢/0Y| as the adaptation criterion is not
inappropriate.

Inequation(1})itisrequired todetermine the Y values
for uniformly specified n. However, the procedure to be
followed here is to first calculate 5 from the avaiiable
¢ ~ Y distribution (either the upstream solution or a
downstream solution based on an a priori grid) thereby
establishing the 5 ~ Y (or w) relationship. Then, for
uniformly specified # values, the corresponding Y (or w)
values are obtained by suitable interpolation.

The adaptation criterion is to be calculated for each
dependent variable ¢; and at each cross-stream
location Y;. This can be done by any reasonable
method. The procedure adopted here is to use the
monotonic cubic interpolation scheme of Fritsch and
Carlson [22] to fit the ¢; ~ ¥; data. This yields the
(0¢;/0Y); values. Central differences of the first
derivatives are then used to obtain (92¢,/0Y?);, the
absolute value of which represents the magnitude of the
primary adaptation criterion.

A flow and heat transfer problem typically requires
the solution of momentum and energy equations. In
certain situations, differential equations for other
variables, such as chemical species concentration,
turbulence quantities, etc. have to be solved. For each
dependent variable,equation(1)definesa uniquen ~ Y
relationship. The final # ~ Y relation should ideally
satisfy the individual demands for grid refinement
made by each dependent variable. To accomplish this,
each physical location is considered in turn and the
dependent variable which advocates the smallest mesh
size (in the physical space) at that location is used in the
definition of the adaptation criterion.

Toimplement the aboveidea, itis convenient to write
equation (1) for each control volume and to express the
integral in the numerator as the sum of two integrals.
This gives

Any; = {jh (9%¢;/0Y?);|dY

Yfy

Yfj+1
+J (8%¢:/0Y2); dY}

Yy

Ymax
+ f I(@*¢,/0Y?);|dY @

0o
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where A;;is the computational mesh size calculated for
the dependent variable ¢; at the cross-stream location
Y;. Each integral is evaluated by first expressing the
[(02¢,/0Y?);] ~ Y, variation by the cubic interpolating
curve in [22]. This permits the integrals in equation (2)
to be expressed in terms of known quantities. Each
column of the two-dimensional array Az;; corresponds
to a particular cross-stream location (characterized by
subscript j) while each entry in the column is the mesh
size (at that location) advocated by a dependent
variable (¢,). If the largest entry in each column is
chosen and normalized, a one-dimensional array (say
Afj;) is obtained, each element of which corresponds to
a particular cross-stream location (j) and contains the
value of the mesh size advocated by the dependent
variable which has the largest profile curvature at that
point.

In certain situations, the sole use of [02¢/3Y?| as the
adaptation criterion was found to produce excessively
skewed grids. Although an appropriate amount of
stretching is desirable, excessive stretching could
produce mesh sizes in the round-off error range and
could also result in errors due to inaccurate
interpolation. To avoid such problems, an additional
constraint on the grid distribution needs to be imposed.
This is done by using another adaptation criterion
F(Y) = 1in conjunction with F(Y) = 16?¢/dY?|. With
F(Y) = 1, the computational mesh sizes as computed
from equation (1) are all of the same size (say Anj). A
mesh size An; is then computed as

An; = Greater of (A, Anj)

+ Y Greater of (Af;, An}).  (3)

J

The resulting grid has less drastic nonuniformity than
does the grid defined by equation (2). With the
computational mesh sizes as calculated from equation
(3) the coordinate values 7 f; at the control volume face
location can be obtained as

nfi=nfj-1+4n; 39

with the starting value of 5/ set equal to zero at the
w = 0 boundary. This procedure provides the necessary
constraint needed to design an appropriately skewed
grid.

The computational coordinate # f; corresponds to a
physical location Yf; (or f;). In the basic finite
difference calculation procedure [20] the w-values at
the downstream step are needed and so the adapted
mesh must be described in terms of w-values.

A relationship between the computational and
physical space is established by using the Fritsch—
Carlson monotonic interpolating curve [22] to define a
polynomial relationship between the 1 f;, obtained from
equation (3'), and the corresponding wf; values. Tt is
important to use a monotonic interpolating curve since
for increasing values of the computational coordinate
the physical coordinate can only increase. As
mentioned earlier, the adaptation procedure is based
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oncalculating the physical locations that correspond to
a uniformly specified computational mesh. Hence, the
cubic interpolating curve (between #f; and «f))
obtained as described above, is used to calculate the
new of values that correspond to uniformly increasing
values of the computational coordinate. These wf
values describe the adapted mesh at the downstream
location.

In every marching step of the parabolic flow
calculation, the ¢; ~ Y; distribution at an upstream
station is known and the distribution at the next
downstream station is to be calculated. In the present
procedure it was initially decided that the (8%¢,/0Y?);
values would be evaluated from the upstream ¢; ~ Y,
distribution. This would permit a dynamic adaptation,
ie. no a priori evaluation of the solution at the
downstream step is needed to determine the grid
distribution. However, this procedure led to oscil-
lations between the adapted grid and the solution.
Dwyer et al. [ 18] have encountered similar problems.
The remedy they adoptis to perform the adaptation less
frequently, i.e. once every four forward steps.

It is, of course, desirable to have a procedure that
adapts at every forward step so that the large curvature
regions are always appropriately accounted for. Also,
the adaptation scheme should be stable since
oscillatory solutions are obviously unacceptable.

The adaptation procedure developed here involves
obtaining two solutions in parallel. First, a coarse
predetermined grid solution is obtained ; it provides the
inputs from which the (0*¢,/0Y?); values and thus the
adapted grid can be determined. Then, the main
solution is obtained on the adapted grid. This
procedure is repeated at every forward step, with the
predetermined grid solution immediately preceding the
adaptive grid solutton. In essence, this procedure
decouples the calculation of the adapted grid from the
solution of the differential equations on the adapted
grid. Thus, the oscillations associated with the adaptive
grid based on the upstream solution are eliminated.

It should be mentioned that this procedure involves
additional computational work for obtaining the
solution on the predetermined grid. But, a relatively
coarse predetermined grid is found to suffice, since the
corresponding solution is used only for defining an
interpolating curve from which the values of
(6%¢,/0Y?); are evaluated. Hence, if the adaptive grid
has N nodal points, the predetermined grid need only
have f N nodes, where f < 1. The number of equations
to be solved is then (1 +f)N which is less than the 2N
equations required to be solved in many other
adaptation procedures [7-10, 15, 16]. Usually, a
satisfactory value of fis 0.4 or less.

CHOICE OF A DIFFERENCING SCHEME

In the discretization of the governing differential
equations, a control volume approach is used, where
profile assumptions are used in both the streamwise
and the cross-stream directions. The accuracy of the
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calculation procedure depends on the choice of profile
assumptions.

In the conventional definition of a control volume,
the control volume face between the downstream nodes
jand j+1 also lies between the same upstream nodes.
An example is the Patanker—Spalding method [20]
where lines of constant @ are used to define the cross-
stream control volume faces (see Fig. 1). In a similar
fashion, the present work was initiated with control
volumes bounded by lines of constant n [Fig. 4(a)].
Since, in general, the distribution of nodal points in the
physical space can drastically change from one station
to the next, the lines of constant 5 are likely to be more
oblique in the physical space than the lines of constant
wor Y. As a result, there could be significant mass flow
crossing the constant-s lines. Thus, how the cross-
stream convection (with the associated diffusion) is
handled by the differencing scheme becomes more
important for the X—# grid than forthe X-worthe X-Y
grid.

To determine the most appropriate differencing
scheme, a model test problem with a known analytical
solution was solved using a number of differencing
schemes. The choice of the differencing scheme is based
on the accuracy of the results obtained.

The test problem is that of a uniform, unidirectional
flow past a point heat source of strength Q. The exact
solution for the temperature T can be written as

T-T,=— @ o v @
2/ nkX

where T, is the initial (upstream) temperature of the
fluid and k is the thermal conductivity. The calculation
is initiated at X = X, with the starting condition
obtained from equation (4). Values of the heat source
strength Q, and the location X = X, may be specified
arbitrarily.

The streamwise convection at the upstream and
downstream faces of the control volume was calculated
by assuming a stepwise profile, in which the convected
value of ¢ was taken to be the nodal value of ¢ located
on the control-volume face. For the convection and
diffusion across the cross-stream faces of the control
volume, the following profile assumptions were tried :

. Explicit convection/Crank—Nicholson diffusion.

. Explicit convection/implicit diffusion,

. Crank-Nicholson convection/implicit diffusion.

. Crank—Nicholson convection/Crank--Nicholson
diffusion.

5. Implicit exponential scheme.

P I S

The explicit terms are calculated from the known
upstream solution while the implicit convection and
diffusion fluxes are expressed in terms of the unknown
downstream values. The Crank-Nicholson convection
and diffusion terms are obtained as a mean of the
upstream and downstream values. In the implicit
exponential scheme, the total flux (convective plus
diffusive flux) across the cross-stream face is obtained
from the exact solution of the one-dimensional
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—~~— Exact Solution
-— Schemes 1-6

1.5

2t

F1G. 3. Performance of various differencing schemes.

convection—diffusion equation {at the downstream
location). This scheme was first proposed by Spalding
{237 and has been widely used.

The calculation is done on a grid that is appreciably
skewed. The exact solution at a certain X [equation (4)]
and the corresponding results obtained by using
schemes 1-5 are plotted in Fig. 3. It can be seen that
none of the schemes 1-5 appear to produce reasonable
solutions. Schemes 1-4 give negative values which are
obviously unrealistic. Scheme 5 appears to produce a
‘smeared’ profile, indicative of appreciable false
diffusion.

Evidently, there is a need for a more satisfactory

=
3
P
4
b
p
©
L
Xy Xp
{(UPSTREAM) (DOWNSTREAM)

CONVENTIONAL CONTROL VOLUME
(a)
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scheme. Experience with schemes 1-4 indicates that as
the inclination of the control volume faces (in the
physical plane) is reduced, all schemes give more
satisfactory results. This is particularly true for scheme
5, which for small inclination of control volume faces
gives results very close to the exact solution.

Guidance is taken from these experiences to
construct a new scheme called the w-tracing scheme.
The central idea in the new scheme is to modify the
definition of the control volume faces. Instead of lines of
constant #, the control volume faces are taken to be
constant « lines originating from the interface
locations between the downstream nodal points and
traced backwards to the upstream station [Fig. 4(b}].
Since the w-values of the downstream nodal points are
different from the w-values of the corresponding
upstream nodes (due to cross-stream adaptation) a
typical control volume in the w-tracing scheme will
contain a nodal point on the downstream face but may
contain any number of nodal points (including zero) on
the upstream face. This complicates the calculation of
the upstream streamwise convection, which now must
be obtained by suitable interpolation. The piecewise
cubic interpolating curve in [22] is once again
employed for this purpose. The cross-stream convec-
tion and diffusion terms are calculated implicitly by the
exponential scheme.

The results of this method {(called scheme 6) are also
shown in Fig. 3. The solution obtained is very accurate
and obviously superior to the other methods discussed
(schemes 1--5). Therefore, scheme 6 is adopted for
implementation in the calculation procedure.

RESULTS

To demonstrate the improvements obtained by the
grid adaptation procedure, a variety of problems have

|
Ewbou"*dc’w

] [
o WU
¢ ¢

W=w4

¢

wews *
t e ¢
Do~
Y | w=o 3

|- boundary w=0

X
X X

(V] D
(UPSTREAM) (DOWNSTREAM)
w-~ TRACED CONTROL VOLUME

{b)

FiG. 4. Conventional and a-traced conirol volunmes.
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W

ADIABATIC Tw

F1G. 5. Test problem 1. Flate plate with an unheated starting
length.

been solved both on an adaptive grid and on a fixed
grid. The results obtained have been compared with an
exact solution. In all the test problems, the forward step
sizes chosen are of the order of 10~ %. Further reduction
in the forward step size had a negligible influence on the
results. The test problems chosen are representative of
the multitude of flow and heat transfer problems
encountered in many practical situations.

Test problems

1. Flat plate with an unheated starting length. Figure 5
shows the physical situation which schematically
represents the flow over a flat plate with an unheated
starting length. When the flow encounters the point of
thermal discontinuity, a thin thermal boundary layer
develops. To accurately resolve this region, a fine mesh
spacing is necessary near the heated wall. As the
thermal layer grows, the grid needs to expand so as to
correctly account for the entire thermal layer. The
adaptive grid procedure is expected to provide the
correct cross-stream distribution of nodal points at
each streamwise location.

To obtain the desired solution, the equations
expressing the conservation of mass, momentum and
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energy have to be solved. These are

ou + oV 0 )
ox oy
oU JU ud*U
— 4 V== — 6
Uax VVar =, ave (©)
oT oT T
—t Ve =0 ——. 7
Vax "V ay = %o @)
The boundary conditions are,
at Y =0,
U=0
or
W=O for 0<X<1 (8)
T=T, for X>1
at Y=1Y,,
U=U, T=T; forall X. )

The adaptive grid and the fixed grid solutions are
both obtained with 20 grid points. The results predicted
by Abdel-Wahad et al. [24] are re-evaluated by using
300 grid points in a fixed grid method. These results are
used as the exact solution for the purpose of
determining errors.

Figure 6 shows the distribution of the nodal points at
various streamwise locations. At X = 1,the onset of the
constant temperature boundary condition and the
ensuingrapid profile variations cause adense clustering
of nodal points near the wall. As the thermal boundary
layer grows the nodal points appropriately spread out.

For the purpose of comparing the relative accuracy
of the computed solutions, the percentage error in the
local Nusselt number along the thermally active plate is

X=1.694
X =136l
X=1.00!

X

FIG. 6. Nodal point distribution in test problem 1.
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30 "
20 -
 ~_ADAPTIVE GRID _ _ — ————

0 = ! J
i 1.1 1.2 1.3

20

30t

F1G. 7. Percentage error of the local Nusselt number along the
thermally active plate in test problem 1.

plotted in Fig. 7. While the errors incurred in the fixed
grid method (solid line) are as large as 25%, the adaptive
grid solution (dashed line) has a maximum error of
about 3%. The fixed grid method is found to be
especially inadequate over the initial thermally
developing region.

2. Interrupted wall channel. In an interrupted wall
channel, the solid boundaries of a parallel plate channel
are interrupted periodically in the streamwise
direction. Such a configuration is commonly used to
augment heat transfer since the periodic interruptions
are associated with creation of new boundary layers
and therefore higher heat transfer coefficients.
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F1G. 8. Test problem 2. An interrupted wall channel.

A schematic of the physical situation is shown in Fig.
8. Over each plate, the near wall regions close to the
leading edge are associated with rapid profile
variations and therefore demand a fine mesh spacing.
Locations far removed from the wall have mild profile
variations and therefore a coarse mesh should suffice in
those regions.

The solutions are again obtained by numerically
integrating equations (5)—(7). The boundary conditions
are zero velocity and temperature at the walls and zero
gradients at the symmetry line.

Both the fixed grid and the adaptive grid solution are
obtained using 32 cross-stream nodal points. Figure 9
plots the nodal point locations (Y/H) of the adaptive
grid at different streamwise positions (X/H). As may be
seen, the grid is automatically rezoned at each forward
step, in order to provide a fine mesh in regions of large
curvature.

For the purpose of comparing results, an exact
Nusselt number is calculated by using 300 cross-stream
nodal points in a fixed grid method. The Nusselt

X=1.24

X=4.00
X=3.24

X247
=201

F1G. 9. Nodal point distribution in test problem 2.
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Table 1. Percentage error in the fully developed Nusselt
number in test problem 2

% Error in Nusselt number

Re Pr/{(L/H) Fixed grid Adaptive grid

28 1.60 0.00

70 2.50 0.00

140 3.30 0.00

280 423 0.05

560 5.11 0.21
1400 5.02 0.36
2800 345 0.87

number (at a downstream step) is defined as in [25] and
takes the following form,

Nu = [Re Pri(L/H)]In (T, — TYAT,—T,)"]

where (T,—7T,)" is the wall to bulk temperature
difference at the downstream step and (T, — T;) is the
temperature difference at the corresponding step of the
previous plate. When flow is fully developed, the
Nusselt number becomes a constant.

The percentage error in the fully developed Nusselt
number is tabulated against Re Pr/(L/H) in Table 1.
These results again demonstrate the improvements

obtained by using the adaptive grid method.

3. One-dimensional combustion in a solid material.
This problem was earlier investigated by Otey and
Dwyer [26] to test the efficiency of five numerical
procedures. They have considered a slab of material A
heated from the right hand side. As the temperature
rises material A decomposes to material B. A reaction
zone, characterized by large curvatures, proceeds
through the slab until all of material A is converted to B.

This problem may be modelled as a transient

(10)

__ EXACT SOLN.
ADAPTIVE GRID SOLN.
FIXED GRID SOLN.
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—X
]
X=0 X=)
¥ 6 T=To4te FORtC
Rols =T FORt >»C
9 o D
X DX

F1G. 10. Test problem 3. One-dimensional combustion in a
solid material.

diffusion equation with Arrhenius type source terms.
If T and p, denote the temperature and species
concentration of A, then the problem is described by the
following equations:

dpa  O*p —our

= AeaeT (i1
oT T _
—&‘=675+A1pAC 91/1‘. (12)

The boundary conditions to be used are indicated in
Fig. 10. While the left hand boundary is held adiabatic,
the right hand boundary is heated so that the
temperature rises linearly up to a time t < ¢ beyond
which itis held fixed at T;. The values of the parameters
in the problem are chosen from those used by Otey and
Dwyer [26].

It is possible to use the two-dimensional boundary-
layer procedure to solve the one-dimensional unsteady
problem by replacing U ¢/0X in the boundary layer
case by d/0t for the unsteady situation.

In Fig. 11, the temperature distribution at two

t:.004

F1G. 11. Temperature distribution in test problem 3.
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instances of time are compared with the exact solution.
Both the fixed grid and the adaptive grid solutions are
based on 20 nodal points while the exact solution is
obtained by using 300 cross-stream nodal points in a
fixed-grid calculation. Again the adaptive grid results
(dashed lines)lie much closer to the exact solution (solid
lines) than the fixed grid results (dotted lines).

CLOSING REMARKS

An adaptive grid procedure is developed and
implemented for parabolic flows. The procedure, which
takes guidance from each dependent variable, clusters
the nodal points in regions of large curvatures. The
conventional differencing schemes are found to yield
inaccurate solutions on an adapted grid. A new
differencing scheme called the w-tracing scheme is
developed and shown to produce accurate solutions.
Results of three test problems are presented to
demonstrate the improvements in accuracy obtained
with the adaptive grid procedure.
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UTILISATION D'UNE PROCEDURE A GRILLE ADAPTATIVE POUR DES PROBLEMES
D’ECOULEMENT PARABOLIQUES

Résumé—Une procedure a grille adaptative est congue pour calculer les écoulements bidimensionnels
paraboliques. La procédure redistribue les points nodaux a chaque location de I'écoulement de fagon a fournir
une maille plus petite dans les régions de grande variation du profil. On tient compte du comportement de
chaque variable pour décider de la distribution finale des points nodaux. Ainsi des régions critiques dans le
champ de vitesse sont toujours traitées avec précision. On montre que les schémas conventionnels ne se
comportent pas bien sur des grilles déformées qui sont associées de fagon inhérente a la procédure
d’adaptation. On développe un schéma plus convenable qui donne des résultats stables et précis. A partir de
plusieurs problémes, on démontre la qualité des résultats obtenus par la procédure a grille adaptative.
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VERWENDUNG EINER ANPASSUNQSFAHIGEN GITTERPROZEDUR
BEI PARABOLISCHEN STROMUNGSPROBLEMEN

Zusammenfassung—Es wird eine anpassungsfiahige Gitterprozedur zur Berechnung zweidimensionaler
parabolischer Stromungen entworfen. Diese Prozedur verteilt die Knotenpunkte an jedem Ort der Stromung
neu, so daB ein feinerer Gitterabstand in Gebieten mit starken Profilanderungen erzielt wird. Das Verhalten
jeder abhidngigen Variablen gibt eine Anleitung zur Wahl der endgiiltigen Verteilung der Knotenpunkte. Auf
diese Weise werden kritische Gebiete im Stromungsfeld immer genau aufgelost. Es zeigt sich, daB
konventionelle Differenzenverfahren bei einem schiefen Gitter, das bei der Anpassungs-Prozedur
zwangsldufig auftritt, nicht geniigend wirksam sind. Es wird ein zweckmiBigeres Differenzenverfahren
entwickelt, welches stabile und genaue Ergebnisse liefert. Die Verbesserung der Ergebnisse unter Verwendung
der anpassungsfihigen Gitterprozedur wird mit verschiedenen Testproblemen nachgewiesen.

NPUMEHEHUE AJATITUPYIOILUXCA CETOK IS PACUETA NMAPABOJTUUYECKUX
TEYEHUN

Annorauns—Pa3paboTana MeToauka BbIOOpa aNanTHPYIOLIEHCH CETKM IUIS PACHETa ABYMEPHBIX
rapabosIMveCKUX TeveHHH. Y3/10Bble TOUKH NMEepepacnpele/IfAtoTcs B KaKI0H HAMPABIECHHOM 10 TEYEHUIO
obfacTn noTtoka TakuM obpa3om, 4ToObl obecneduTh OoJlee HacCTOe PACHO/IOKEHHE fAYeek B 30HAX
OBICTPOro M3MeHeHHs npoduas. 3aKOHOMEPHOCTh paclpelesieHHs YJIOB OMNpEedeseTcs NOBeAeHHEM
Kaxaoi 3aBUCMMOH nepemeHHoH. bBilaromaps 9JToMy, KpHTHYeCKMe 0OJacTH MOJA  TeYCHUS
onpeaeNIAOTCS TOYHO. [Moka3zano, 4TO  OOLIENPUHATBIE  CXEMBbI muddeperunpoBatns
HEYIOBIETBOPUTE/bHBI /18 UCMOIbL30BAHUS UX HA KOCBIX CETKaX, MPUCYLUX AaHHON MeToauke. Paspa-
6oTaHa Gosee noaxoaAawas cxema AMGPEPeHUMPOBAHUA, AAKOIIAA YCTOHYMBBIC M TO4HBIE Pe3y.IbTAThI.
[lpn nomowwm pa3jau4HbIX TECTOBBIX 3ada4 NPOJEMOHCTPHPOBAHO  YJIYYIIEHHE Pe3yjbTaToOB,
MOJTy4eHHBIX HAa aJANITHPYIOLWMXCS CETKAX.



